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Ultrasonic Separation of Suspended Particles - Part I: Fundamentals

Martin Groschl
Institut fi.irAllgemeine Physik, Technische Universitiit Wien, A-1040 Wien, Austria

Summary
Separation of suspended particles by means of acoustic forces is a promising alternative to conventional technologies.
This paper concerns some of the latest developments of separation devices based on piezoelectric resonators. The
acoustic forces on particles suspended in a liquid are reviewed. A mathematical model for the description of layered
piezoelectric resonators is extended and applied to the calculation of the electrical properties and the acoustic field
quantities of the resonator. A resonator for particle separation is analyzed and the optimum operating frequency range
with respect to resonator efficiency (performance number) is determined. It is found that efficiency depends strongly
on the frequency and the properties of the suspension. Results are in good agreement with experimental data and with
a different approach based on perturbation theory.
PACS no. 43.35.Zc, 43.35.Bf

1. Introduction

2. Acoustic forces on spherical particles in liquids

Conventional processes for removing small suspended particles from a liquid are filtration, sedimentation, flocculation
and centrifugation. The potential of separation techniques
utilizing acoustic radiation pressure on suspended particles
is known but has been relatively less developed. Nevertheless, there is a considerable body of literature on this topic
and comprehensive review works have recently been published [l, 2, 3]. More recently, acoustic filters based on highefficiency piezoelectric resonators have been developed primarily intended for mammalian cell separations in biotechnology applications [4,5]. The main advantages of this novel
type of acoustic separator are the absence of filter fouling,
no need for moving parts, high separation efficiency and reliability. However, manufacturing cost are relatively high at
this early stage and ultrasonic separation technology is still
not used at a large scale. Possible applications in other fields,
such as removing solid particles from liquids or splitting of
emulsions, are currently being investigated.
The scope of this paper is to present the physical fundamentals of ultrasonic separation technology for utilizing
piezoelectric resonators, with special emphasis on resonator
analysis and optimization. In section 2, the acoustic forces on
suspended spherical particles in liquids are reviewed. Section
3 is dedicated to the calculation of electrical properties and
acoustic field quantities of the resonator, with the main objective being to obtain an expression for resonator efficiency
(performance number). In section 4 the results are applied to
the analysis of a resonator for particle separation.
This paper is the first in a series of three. In part II the design and operation of acoustic separation devices is treated
with emphasis on electric power supply and resonance control. Part III describes in detail the first acoustic cell retention
device, which has been introduced to the market recently.

2. l. Primary radiation force in an ideal fluid
When a suspension is exposed to a sound field, the surrounding fluid exerts hydrodynamic forces on the suspended
particles. In the linear approximation, these forces are proportional to the acoustic displacement velocity of the fluid
[6] and, on the average, do not lead to a displacement of
the particles. However, time-averaged forces that are related
to the radiation pressure arise as a result of second order
effects. King [7] derived the radiation pressure on a rigid
sphere freely suspended in a non-viscous fluid by integrating
the total sound pressure field (which is the sum of incident
and scattered fields) over the surface of the object. Yosioka
and Kawasima [8] extended the work of King to compressible spheres. Good agreement between theory and experiment was found. They obtained the following expressions
for the mean radiation force in a plane progressive and a
plane standing sound wave, respectively:

(1)

\Fs(x))

= 47rp<I>2(ka)3Ks(A, a) sin(2kx)
= 47rka3\E's)Ks(A,a)sin(2kx),

where a is the particle radius, k = wj /J is the wave number,
and p is the density of th~ host fluid. cf> denotes the amplitude
of the velocity potential cf> of the incident sound wave, which
is given by:

<I>ej(wt-kx) ,
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(2)

<I> {

ej(wt-kx)

(3)

+ ej(wt+kx)

} .

(4)
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It should be noted that in the original work [8] the term <I>in
equations (1) to (4) has been omitted. The acoustic contrast
factors Kp and Ks take the form:
1+ 2A)

1
[ (A
(1 + 2A)2

2
+9(1-A)

Ks(A,(J)

=

2

3A(J2

2] ,

1 [5A - 2 1]

(5)

(6)

3" 2A+I-A(J2'

(Ep) and (E s ) are the time-averaged energy densities of the
progressive and the standing wave, respectively:

(Ep)

=

~pk2<T>2,

(Es)

=

pk2<T>2.

(7)

Equations (l) and (2) hold in the limiting case: ka « 1,
« 1, A = 0(1). That is, the particle radius must be
small compared to the sound wavelength, and the particle and
fluid densities have to be in the same order of magnitude. The
authors [8] also present a general solution for arbitrary ka,
koa, and an expression for the radiation force on bubbles
suspended in a liquid (A « 1). For (J -+ 00, the acoustic
contrast factors Kp and Ks reduce to the corresponding density factors for rigid spheres derived by King. As can be seen
from equations (1-2), the radiation force in the progressive
wave is of the order of (ka) 6 and herewith much smaller than
the force in a standing wave, which is proportional to (ka)3 .
This fact can be attributed to the different phase relations
between the primary and scattered fields in a progressive and
a standing wave, respectively [9]. While (Fp) is constant in
space, (Fs) shows spatial dependence according to the factor sin(2kx). In a standing wave, particles collect at bands
perpendicular to the direction of sound propagation, either at
the velocity nodes or antinodes of the sound field, depending
on the sign of the acoustic contrast factor. Because of this
effect, which can be exploited in a number of ways, and due
to the larger force amplitude, most practical concepts of particle separation rely on standing waves or moving "standing"
waves, as will be discussed in part II of this work.
Gor'kov [10] used a different approach, based on principles of fluid dynamics, to express the radiation force FG as
the gradient of a radiation force potential 4P:

koa

(4F(r))

=

_V[3~~~

- (1(FG(r))

=

~) (Ekin(r))
A~2)

(Epot(r))]

(8a)

-\7(4F(r)),

(8b)

where r = (x, y, z) denotes the location of the particle and V
is the particle volume. (Ekin (r)) and (Epot (r)) are the timeaveraged kinetic and potential energy densities, respectively,
of the incident sound field at the point where the particle is
located. Equations (8) are valid as long as the conditions

ka« 1,

a

» is = f2ii,

V~

a»

il,

(9)
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hold. Here p, is the shear viscosity of the fluid and il is the displacement amplitude of the fluid particles in the sound wave.
Equations (8) allow the radiation force to be calculated for an
arbitrary sound field, except fields similar to a plane progressive wave (i.e. fields with low gradients of kinetic and potential energy densities). It can easily be verified that in case of a
plane standing wave with (Ekin(X))
= (Es) sin2(kx)
and
(Epot (x)) = (Es) cos2 (kx) the expressions (8) and (2) lead
to identical results. Based on the method developed by King,
Nyborg [11] derived an expression for the radiation force (on
rigid spheres) that corresponds to Gor'kov's (for (J -+ 00),
but shows an additional additive term ~, which dominates if
the kinetic and potential energy densities of the sound field
are essentially uniform (like in a plane traveling wave). For
a standing wave, ~ is negligible. Equation (8a) can be used
to calculate the radiation force potential in a resonator for
particle separation, as will be shown in section 3.
Crum [12] investigated the acoustic radiation force in a
standing wave on liquid droplets in theory and experiments.
He showed that the total force can be expressed as the sum
of the force that is obtained if the droplet is treated as a rigid
sphere plus the force contribution due to its compressibility
alone. His results agree with equation (2).

2.2. Secondary forces
So far, only the interaction (scattering) between a single particle and the incident (primary) sound field has been considered. When two objects are present in the sound field, the
total incident field on one object includes the primary field
and the scattered field of the other object. An acoustic interaction between the two objects results. This interaction effect
was first investigated by Konig [13] who derived, based on
Bernoulli's hydrodynamic principles, an expression for the
force between two closely spaced spheres in an acoustic
field. Later Bjerknes [14] calculated the attractive and repulsive forces between oscillating spheres, without considering
the primary sound field. Thus, the acoustic interaction force
is often called Bjerknes force but sometimes referred to as
Konig force. Many other researchers also investigated the
interaction of particles in a sound field [15, 16, 17]. Most
of the studies, however, have been restricted to cases when
the wavelength is much greater than the radii a and spacing
d of the objects. In a recent work [18], Zheng and Apfel
calculated the interaction force between two fluid spheres in
a plane acoustic wave field without restriction on the particle spacing. Following in principle the method developed
by Yosioka and Kawasima [8], the authors [18] expressed
the total radiation force as the sum of the force due to the
incident wave (equal to the primary radiation force) and the
force due to the interaction effect. The latter reduces to the
Bjerknes force in the case of kd « 1. In the approximation ka « 1, kd « 1, the interaction force between two
identical compressible spheres in a plane standing wave was
also calculated by Weiser [19]. Using the general result of
Crum [12] allowing the superposition of rigid-sphere and
compressibility contributions, he obtained for the interaction
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the viscosities /-l of the host medium and /-la of the particle.
Because of the complexity of the general solutions only the
limiting case
ka
(10)
where d is the center-to-center distance ofthe spheres, (30 and
(3 are the compressibilities of the particles and the host fluid,
respectively. ()is the angle between the centerline of the particles and the propagation direction of the incident sound wave;
v (x) and p( x) are the velocity and pressure, respectively, of
the unperturbed incident field at the position of the particles.
In this approximation, it is assumed that v(x) ~ v(x + d)
and p( x) ~ p( x + d). The first term on the right -hand side of
equation (10) depends on the orientation of the particles with
respect to the incident sound field. If the particles are lined
up in the direction of sound propagation (() = 0), the first
term represents a repulsive force contribution. If the centerline of the particles is oriented perpendicular to the traveling
direction of the sound wave, the force contribution is attractive. The second term of equation (10) is independent of the
particle orientation and represents an attractive force. The
first term vanishes at the velocity nodes of the standing wave
and does not act on particles that have been driven to the
velocity nodes by the primary radiation force (like bubbles).
Conversely, the second term vanishes at the pressure nodes
(velocity antinodes) and therefore does not affect particles
such as cells and solid particles, after they have been driven
to the velocity antinodes by the primary radiation force. In
general, the interaction force becomes significant only when
the particles are very close to each other. In a plane standing
wave, the interaction force will cause the particles to form
clusters within the nodal or anti-nodal planes of the sound
field. In special cases, the repulsive term may lead to a fine
structure splitting of the bands, as has been observed for red
blood cells by Weiser [19].
2.3. The effect of viscosity
The influence of fluid viscosity on the acoustic radiation pressure was first investigated by Westervelt [20]. He found that
the radiation force exerted by a plane progressive wave on
a rigid immobile sphere was vastly greater than that given
by King's theory. The fluid viscosity effect arises due to
losses within the boundary layer of the object and is particularly significant for small spheres and at low frequencies.
An analysis carried out by Danilov [9] led to similar results for freely suspended particles in a progressive wave.
Both works were restricted to small particles (ka « 1) and
did not consider acoustic streaming. The most general treatment was presented in recent works by Doinikov [21, 22],
who took the effect of acoustic streaming [23] into account.
By solving the viscous equations of motion (Navier-Stokes
equations) with a second order approximation, he obtained
general solutions for the radiation force in a progressive and
a standing wave, respectively, without restriction on particle
size. Moreover, he distinguished between the influence of

«1

(11)

kaa« 1

which is of interest for ultrasonic separation processes, will
be discussed here. The last condition means that the sound
wavelength is large compared to the penetration depth of
the viscous wave (kJ « 1) and therefore damping due to
the viscosity of the host liquid is negligible. (Damping is
considered in the derivation of the general solutions by the
introduction of complex wave numbers.) Furthermore, one
has to distinguish between two limiting cases:
a)

/-l

« a2 pw,

/-la

« a2 Pow:

In this low-viscosity approximation, the radiation force in
a plane progressive wave is [22]:

(12)

-CfL
V {;;ito'

with

/-l =

Equation (12) is valid under the conditions A = 0(1), P, =
0(1) (which is the interesting case here), or A « 1, p, « 1.
A comparison to equation (1) under consideration of ka « 1,
shows that the radiation force in the viscous case can be
several orders of magnitude higher than in the non- viscous
case. On the other hand, this effect decreases rapidly with
increasing frequency and particle size.
In a plane standing wave no significant change due to viscosity in this limiting case is found. Thus, the ratio between
the radiation forces in standing and progressive waves, which
is of the order of (ka) -3 in the non-viscous case, decreases
with increasing viscosity. However, a quantitative analysis
shows that in most situations of practical interest the radiation force in a standing wave will remain much larger than
the force in a progressive wave of comparable energy density.
The results in the low-viscosity approximation discussed here
are in good quantitative agreement with calculations carried
out by Hager [24]. The second limiting case considered by
Doinikov is:
b) /-l

» a2 pw,

/-la

» a2 Pow:

whereby the relations (11) still hold. In this high-viscosity
approximation, the radiation force in a plane standing wave
can be expressed as [22]:
(13)
. G(p, Po, v, Va, /-l, /-la, a, w) sin(2kx).
This result is very similar to equation (2), only the former
acoustic contrast factor Ks is replaced here by a more complex expression G, which is a function of the fluid and particle
properties as well as of frequency. For an explicit expression
of G the reader is referred to [22]. The ratio G / Ks increases
with increasing viscosity, but drops rapidly with increasing frequency and particle size. At high frequencies (in the

ACUSTICA·

acta acustica

Groschl: UltrasonicSeparation- Part I

Vol. 84 (1998)

MHz-range) and for larger particles (a 2 1 Mm), G/ Ks
may become negative, i.e. the direction of the radiation force
changes. (Particles that are driven to the velocity antinodes in
the non-viscous case are then driven to the velocity nodes and
vice versa.) Moreover, under certain conditions the radiation
force can become very small or even vanish. The ratio of the
force amplitude in a standing wave and the force in a plane
progressive wave may also drop below I under conditions of
high viscosity. The expression for the latter is given in [22].
Many applications of ultrasonic separation (e.g., removing
suspended particles from water, applications in biotechnology) may be well described by the low-viscosity limiting
case (a) but in some situations (e.g., treatment of emulsions)
conditions of high viscosity might have to be considered
according to case (b). One reason for the increase of the
radiation force due to viscosity is the development of acoustic streaming that leads to an additional drag force which
contributes significantly to the radiation force, particularly
in a progressive wave in the high- viscous case. According to Danilov [9] the influence of viscosity can be further
explained as a change in the phase and amplitude relations
between the primary and the scattered fields. In a progressive
wave a significant change of the phase leads to an increase
in the radiation force. This effect is particularly great at low
frequencies and for heavy particles. In contrast, in a standing
wave the viscosity causes an increase in the amplitude of the
scattered field affecting the radiation force only to a much
smaller extent. Danilov also showed that the secondary interaction force between particles is influenced by viscosity
in a qualitatively similar way as the primary force.

2.4. Sound attenuation
In principle one has to distinguish between absorption in the
particle and the host medium (host liquid). However, as long
as the dimensions of the particles are small compared to the
acoustic wavelength (ka « 1) and the volume fraction of
particles is small, the sound absorption in the particles can
be neglected. Hasegawa [25] investigated the influence of
absorption of solid elastic spheres on the radiation force and
showed that the effect becomes considerable in case of ka 2
1. According to [26] the amplitude absorption coefficient a
of liquids is given by:
2

a = --w

2pv3

(

M'

4)

+ -M
3

.
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On the other hand, measurements of the electrical admittance spectra of piezoelectric resonators used for ultrasonic
particle separation show clearly that in practice absorption
due to other losses is significant. Measured resonance quality factors are typically in the range below 104. According to
Auld [27], sound absorption can be described by an acoustic
material quality factor Q, which is related to the absorption
coefficient:
k
2a

(for Q

Q=-,

» 1).

(15)

From the measured electrical admittance and resonance quality factors, an effective material quality factor Q eff of the liquid (suspension) can be determined, as will be discussed in
more detail in section 5. The effective quality factor provides
an easy method to take into account additional losses like
absorption of the sound wave due to gas bubbles in the liquid, divergence of the wave, absorption in the side walls, etc.
The experimentally determined values of Q eff for water at
2 MHz are typically in the range of 5000 to 10000 (depending
on the resonator set-up), while the quality factor calculated
from equations (14) and (15) is about 47000. The effective
absorption (attenuation) coefficient aeff of the liquid in the
resonator can be regarded as the sum of the absorption coefficient a of the liquid alone and a second term a representing
additional losses:
--

k

= aeff = a

2Qeff

+ a.

(16)

A more detailed analysis of viscous damping [27] shows a
second order decrease of the wave number k and, consequently, a slight increase of the sound velocity v compared
to the undamped case. This effect is not considered here.
Due to attenuation, the sound wave in the resonator is
a quasi-standing wave rather than a pure standing wave. A
quasi-standing wave can be regarded as a superposition of
two progressive waves with exponentially decreasing amplitudes traveling in opposite directions. Consider a onedimensional attenuated plane wave originating at x = 0 and
propagating in a medium I in x-direction. At position x = £
reflection at the boundary to a second medium with higher
acoustic impedance is assumed. The superposition of incident and reflected waves can be expressed by the complex
displacement function

(14)

Hence, absorption can be primarily attributed to viscous effects. Heat conduction is negligible in most cases. For water at room temperature (p = 103 kg/m3, v = 1500 mis,
M = 10-3 kg/ms, M' = 2.4M) the absorption coefficient according to equation (14) is 9 . 10-2 m-I at a frequency
of 2 MHz. Assuming a typical propagation length of the
sound wave in a resonator chamber for particle separation
of £ ~ 0.1 m, the quantity e-a£ is close to unity. Even for
liquids of higher viscosity, neglecting absorption due to viscosity is justified, provided the sound frequency is not too
high.

u{ e-axej(wt-kx)

u(x, t)

jwt

u(x)·e

,

-

R . e-a(2£-x)ej(wt+kx)

}

(17a)

with
(17b)

u

where denotes the amplitude of the positive-traveling wave
at x = 0 and R is the reflection coefficient (0 ~ R ~ 1).
For clarity, the subscript" eff" of the absorption coefficient
a has been omitted. Equation (17) is valid for k£ = n . 27r
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Equation (22) indicates that the amplitude of the radiation force in a quasi-standing wave in cases of low damping remains constant in space but is reduced by the factor (cI>' / cI>)e-2al, compared with equation (2) for the ideal
standing wave. Hasegawa [28] calculated the primary radiation force (Fqs(x)) for an undamped quasi-standing plane
wave in an ideal fluid. Considering a velocity potential of the
form

1----------

Ii
1.4

1.2

0.8

0.6

cI>qS= cI>ej(wt-kx)

0.4
0.2

+ cI>'ej(wt+kx)

(23)

with cI>' :S cI>, and using the same approach as for derivation
of equations (I) and (2) he obtained:/

o

0.2

0.4

xli

Figure I. Plot of the normalized displacement amplitude of a quasistanding wave according to equation (17), with af = 0.2, kf =
2071", and R = 0.7.

(n = 1,2,3 ... ). Absorption within the medium is described
by the condition 0: > 0, as discussed before, while the condition R < 1 accounts for absorption in the reflective wall
at x = £. In Figure 1 the spatial progress of the (normalized)
displacement amplitude of an attenuated quasi-standing wave
according to equation (17) is shown.
To calculate the radiation force in the quasi-standing wave
by use of equations (8) one has to insert the corresponding
expressions for the gradients of the kinetic and potential
energy densities. With the general expressions

(Ekin(X))
(Epot(x))

=

~p(V2(X)),

(18a)

2;v2 (p2(x)),

(18b)

and the linear equation of motion

ap(x, t)
ax

a2u(x, t)
=P
a t2

=

av(x, t)
Pat

one obtains with equation (17) and u(x, t) = ~{u(x,
the energy density gradients as:

(19)
t)},

d~ (Ekin(X))

= pk3cI>cI>'e-2al sin(2kx),

(20a)

d~ (Epot(X))

= _pk3cI>cI>'e-2al sin(2kx),

(20b)

where cI> = uw / k, cI>'
as long as

=

uRw / k. Equations (20) are valid

1

k

Q

= 20:

»k£,

0:

« 2£'

(21)

With equations (8) and (20) the radiation force in the attenuated quasi-standing wave turns out to be:

whereby (Fp) and (Fs(x)) are given by equations (I) and
(2), respectively. Since in most practical cases (Fp) is several
orders of magnitude smaller than the amplitude of (Fs (x)),
the radiation force in the quasi-standing wave is dominated
by the contribution of the standing wave, even in case of
low standing wave ratio (cI>' « cI», and may therefore be
approximated by:

(Fqs(X))

e:' 471"pcI>cI>'(ka)3Ks()", 0-) sin(2kx).

Taking attenuation into account by substituting
dependent amplitudes

(25)
space-

(26)
into equation (25), leads to the same result as given by equation (22). This procedure is justified since the amplitudes
can be regarded to be constant for integration over the particle surface. It should be noted, that the velocity potential
according to equation (23) modified by equation (26) represents correctly the displacement function (17) only if the
condition 0: « k is satisfied. Neglecting the contribution
of the progressive part of the quasi-standing wave by use of
equation (22) or (25), does not lead to significant errors in
cases of sufficiently high standing wave ratio and low damping.

2.5. Consideration of real field geometry
Only plane waves have been considered in the above discussion of acoustic forces. In a real resonator the sound field will
have amplitude variations not only in the direction of wave
propagation but also in lateral directions. This can be caused
by non-uniform amplitude distribution of the source, divergence of the wave, influence of the boundaries, etc. In acoustic fields with lateral energy gradients additional forces on
suspended particles arise, as can be seen from equations (8).
Let us consider a standing wave propagating in x-direction,
having a lateral amplitude distribution function Us (y):

u(x, y, t)

=

us(y) sin(kx) sin(wt).

(27)
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According to equations (8), this leads to a lateral force acting
in the positive y-direction, given by:

n=]

437

2

Ip Ie

Surface 2

p

E

Assuming a constant amplitude gradient in the vicinity of
a small spherical particle with radius a, the function Us (y)
may be written as:
A

Us

()

Y =

Uo

Um

+ -y,
a

(29)

where Uo denotes the displacement amplitude of the sound
wave at the center of the particle (which is assumed to be
at position y = 0) and Uo + um is the amplitude at the
surface of the particle at y = a. For dense particles (A» 1),
the lateral force at the velocity antinodes, i.e. at positions
kx = (2n + 1)7f/2 (n = 0,1,2 ... ), can be approximated
by:

IF y )

\

=

A

Equation (30) corresponds to a result presented by Benes
[29], obtained by a different approach. The lateral force is
sometimes referred to as Bernoulli force. Particles, which
form bands at the velocity antinodes of the sound field due
to the primary radiation force (Fs), are further driven to regions of relative amplitude maxima within these bands due
to the lateral force (Fy). Hence, the particles form "striated"
columns in the direction of sound propagation. Most types
of suspended particles will be driven to regions of amplitude
maxima (e.g., to the center of a cylindrical wave guide with a
Gaussian-shaped amplitude distribution). But in certain situations (e.g., particles that are less dense and less compressible
than the host liquid) the lateral forces will drive the particles
towards locations of amplitude minima (e.g., to the walls
of a wave guide). This effect has been studied in detail by
Whitworth [30]. For particle separation, the preferred lateral
amplitude distribution may be uniform, Gaussian-shaped, or
periodically varying, depending on whether lateral forces
are utilized in the separation process, or not. Various types of
separation systems will be discussed in part II of this work.

3. One-dimensional mathematical
piezoelectric resonators

Figure 2. Piezoelectric resonator comprising one active (piezoceramie) and three passive layers; sound propagates in x-direction. P:
piezoceramic, E: electrodes, C: carrier (glass), L: liquid (suspension), R: reflector (glass).

U(f)]

U(O)]

r

T(O)

T(f)

cp(O)

[ cp(f)

D(O)

D(f)

(30)

2 2
7fpW a UoUm.
A

c

model for layered

In this section, a resonator for the generation of a standing
ultrasonic field in a liquid suspension is investigated. Such a
resonator typically consists of 4 layers, a piezoceramic transducer, a glass carrier isolating the piezoceramic from the liquid, the suspension, and a reflector (Figure 2). Mathematical
models for the description of piezoelectric structures have
been based on electro-acoustic equivalent circuits [31, 32],
a transmission line model [33, 34], or a transfer matrix approach [35, 36, 37]. The analysis in this work follows the

a e

x

Figure 3. Piezoelectric layer of thickness fl.; boundary values of u,
T, rp, and D, at x = fl., are calculated from the corresponding values
at x = O.

one-dimensional transfer matrix model of Nowotny [38]. All
considered quantities are assumed to show space-dependence
in only one direction, that is the direction of sound propagation (thickness direction of the layers). Furthermore, the
displacement of the sound wave is restricted to this direction.
This treatment is justified, because the considered piezoceramic disc transducers allow electrical excitation in only the
thickness direction.

3.1. Calculation of electrical admittance
In the linear theory of piezoelectricity, for the quasi-static
electric approximation, the coupled electromagnetic and
acoustic fields in a lossless piezoelectric medium can be described by displacement u, stress T, electric potential ip, and
dielectric displacement D. These field quantities are related
by the fundamental equations [27]:
du
dip
T =cdx+e '
dx
du
dip
D - e- -Edx
dx'

(31)
(32)

where c, e, E, are the elastic stiffness constant, piezoelectric
constant, and dielectric constant, respectively, ofthe medium.
As a consequence of the restriction to a single displacement
direction, all material constants, which are tensor quantities
in the general case, are reduced to the scalar quantities that
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apply to the direction of sound propagation. For a single
homogeneous piezoelectric layer of thickness f (Figure 3),
in case of harmonic time-dependence, the boundary values
u(f), T(f), r.p(f), D(f), can be calculated from the corresponding values at x = 0 using a matrix notation:

(bU)

=M

T

(U)
T

b

x=l

x=o

with

(33)

The elements of the transfer matrix M depend only on the
material constants p, c, e, c, the layer thickness f, and the
angular frequency w. The explicit expressions for the matrix
elements Mii were given by Nowotny [38]. For multiple
layers, the total transfer matrix M tot of the layered structure
can be obtained by multiplication of the transfer matrices of
each single layer. This follows from the continuity condition
that applies to u, T, and r.p at the interfacing surfaces. The
dielectric displacement D shows continuity only if there is
no electrode between the considered layers. Each electrode
is treated as a separate layer and represented by a transfer
matrix ME. For the structure shown in Figure 2, the total
transfer matrix is given by:

Mtot = ME'

Mp ·ME·

Me'

ML ·MR.

(34)

ME relates the dielectric displacement D with the electric
current I in the electrode and is a function of the electrical
admittance Y between the two electrodes and ofthe electrode
area A. Since in the structure of Figure 2 there is no electric
field in the non-piezoelectric layers 0, L, and R, the transfer
matrices Me, M L, M R, depend only on p, c, and f of the
corresponding layers, and on w.
On the outer free surfaces 1 and 2 of the total sandwich
arrangement, stress and dielectric displacement are zero:
T

=

0,

D

=

0,

for x = {

Xo
Xmax

.

(35)

The relation between the boundary values on these surfaces
can therefore be written in the form:

From equation (37) one obtains a relation between the displacement and the electric potential on the outer surface 1
(outer electrode) of the layered structure:

(39)
Furthermore, an expression for the electrical admittance Y
of the resonator as a function of the angular frequency w can
be derived from equations (37) and (38). This result, which is
explicitely given in [38], and equations (33) and (39) are the
basis for further resonator analysis in sections 3.3 and 3.4.
As discussed in section 2.5, a real acoustic transducer
has a non-uniform lateral amplitude distribution. This fact
can be taken into account globally in the one-dimensional
model either by use of an equivalent area (smaller than the
cross-sectional area A of the resonator) [39], or by a reduced (effective) coupling factor of the piezoelectric disc.
The first approach is especially suitable for Gaussian-type
transducers. The electromechanical coupling factor is defined as the square root of the ratio of available mechanical
(acoustic) energy and supplied electric energy. For an ideal
(one-dimensional) thickness vibration, the electromechanical coupling factor K, is given by
e

K,

=

(40)

Vei'

with the piezoelectrically stiffened elastic constant c =
c + e2 / c [40], elastic stiffness constant c, piezoelectric constant e, and dielectric constant c, effective in direction of
sound propagation. A reduced coupling factor of the piezoelectric disc accounts for energy loss due to parasitic oscillations (e.g., radial modes) that can occur in a transducer
with finite lateral dimensions. As will be shown in section 4,
good agreement between measured and calculated electrical
admittance spectra is achieved by use of the one-dimensional
description presented here. The mathematical model is also
applicable to layered structures with an arbitrary number of
electrodes [41].
3.2. Consideration of losses
The discussion in the previous section did not consider losses.
However, losses can be accounted for in an elegant way, as
will be shown in this section. In the absence of an electric
field equation (31) corresponds to Hooke's law, which relates
stress T and strain S:

T=cS.
(36)

where values at surface 1 have been indicated with subscript
"1" and values at surface 2 with subscript "2". With the
general form of M given in equation (33) it follows from
(36) that

o
o

= MTuUI
= MDuUI

+ MT'P r.p1,
+ MD'Pr.pI'

acta acustica

(37)
(38)

(41)

Following Auld [27], equation (41) can be modified to include viscoelastic damping by adding a term that contains
the time derivative of the strain:
(42)
For a harmonic time dependence ejwt of the acoustic field,
equation (42) can be written in complex notation as

t = cS + jwp,S

= cS,

(43)
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3.3. Calcu]ation of acoustic field quantities within the
layers

where the complex elastic stiffness constant

c = c+

(44)

jwJ-t

has been introduced. As already discussed in section 2.4,
damping by a medium can be characterized by the acoustic
materia]quality factor Q defined as:
Q=~.

(45)
WJ-t

The definition (45) is compatible with equation (15), as
shown in [27]. For a liquid, J-t has to be replaced by the
total viscosity coefficient: J-t -+ J-t + J-t'. With (45), equation
(44) takes the form:

_ ( .1)

c=c

1+J

Q

.
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(46)

According to the relation between sound velocity and the
stiffness constant, v =
complex notation leads to a
complex sound velocity, which for Q » 1is given by:

Jt7P,

According to the method outlined in the previous section,
complex materia] constants will be used in the following
calcu]ations to account for losses. As a consequence, the e]ements of the transfer matrices and the acoustic and electric
field quantities introduced ~n sec~on 3.1 become complex,
too. Given the values of U, T, cp, D, at one boundary surface
(x = 0) of a layer, the corresponding values at the opposite
boundary surface (x = £) can be calculated from equation
(33). Furthermore, the matrix method allows calculation of
the spatia] dependence of the considered quantities within
the layer. This calculation is performed for a selected frequency w. In the first step, the electrical admittance Y (w) of
the multilayer arrangement is computed. (This is needed for
calculation of the transfer matrices ME of the electrodes.)
Subsequently, the acoustic field quantities are calcu]ated at
positions x = x' (with x' running from Xo to xmax) by
stepwise evaluation of the transfer matrix Mn of the corresponding layer, whereby the layer thickness £ is replaced
by the variable thickness £' = x' - Xn-l of the sub-layer
(Figure 2):

(47)
Damping due to dielectric losses can be accounted for by
adding an imaginary part to the dielectric constant [42,43]:

-

E=E+-:-

r

(48)

JW

where r is the electric conductivity. For a large plate of
constant thickness, r can be expressed as r = WE tan rJ.
Hence, equation (48) becomes:

E

= E (1 -

j tan rJ) .

Since the (thin) electrode layers can be treated as massless,
they d~ not influence the progress of displacement u and
stress T. The transfer matrices of the piezoelectric layer and
the electrodes can be combined to a total transfer matrix M 1
of the active layer: M 1 = ME M pM E. The initial values
at free surface I (x = xo) are:

~{cpI}

U,

Dl = 0,

(49)

The dielectric loss angle rJ is usually specified by the manufacturer of piezoelectric transducers. A third loss mechanism,
piezoelectric loss, can be neglected in most practical cases
and is not considered here.
The concept of complex materia] constants allows all calcu]ations to be carried out in exactly the same way as for
the loss]ess case, except that complex notation must be used.
Thus, damping can be considered in a straight-forward way.
As already discussed earlier, additional losses (besides viscoe]astic damping) can be represented by use of effective
quality factors instead of the values given by equations (14)
and (15) or (45). In principle, the imaginary parts of the
materia] constants are frequency-dependent. However, if the
frequency range considered is limited, they can to close approximation be treated as constants. While the frequencydependence of the viscoelastic damping mechanism is well
defined, it is hard to predict for other losses. Thus, the dependence on frequency of the effective quality factor would
need to be determined experimentally.

=

(51)

where U denotes the amplitude of the driving voltage (CP2
is chosen to be zero). The initial displacement Ul is calculated from the complex equivalent of equation (39). With
this procedure, one obtains (with chosen resolution) the discrete spatia] distributions of u(x), T(x), cp(x), and D(x).
From these primary quantities, other interesting quantities
can be easily derived. The displacement velocity in complex
notation is calculated from

(52)

v(x) = jwU(x).

According to Poynting's theorem for piezoelectric media, in
the one-dimensional case the Poynting vector in complex
notation is given by:
fI(x)

= ~ [-v*(x)

T(x)

+ cp(x)

(jW D(x))

*] .

(53)

The asterisk denotes complex conjugation. Equation (53) can
be derived directly from Maxwell's equations [27]. The rea]
part of (53) represents true energy flow density (in W/m2) and
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is therefore a time-averaged quantity. The imaginary part is
peak reactive energy flow density. (The time-average ofreactive energy flow is zero.) Positive sign of the Poynting vector
means energy flow in positive x-direction. Furthermore, the
mean total stored energy density (J/m3) can be calculated
from:

~ [PV(X) v*(x)

+R{T(X)S*(x)-

= ~w. ~

over one oscillation period. Since the entire energy is supplied by an electric driving source, (E~~fS) must be equal to
the electric true energy consumption per period, which in tum
ue divided by
is given by the true electrical input power
the oscillation frequency. Further, the effective performance
number TJeff of the resonator is defined here as:

p:r

(54)

(58)
with Pe~PP being the apparent electrical input power supplied by the source. The stored energy in the liquid can be
calculated from the energy density given by equation (56) as:

~~D*(X)}]'

where dcp/ dx can be obtained from equations (31) and (32).
The first term on the right-hand side of equation (54) is the
kinetic energy density. In a piezoelectric material, the second and third terms are neither purely mechanical nor purely
electrical, since they represent the piezoelectric coupling described by equations (31) and (32).
Following from Poynting's theorem, the averaged power
loss density (W/m3) can be derived as [27]:

\ ptOSS(x))

X=X3

\EL)

+ \ Epot(x))

~ [pv(x) v*(x)

+ R {T(x)

S*(x)}].

(56)

Using equation (56) the acoustic radiation force potential in
the liquid layer of the piezoelectric resonator can be calculated from equation (8a).

3.4. Calculation of resonator performance numbers
Knowledge of the distribution of stored energy and power
loss among the layers is essential for the development of
practical resonators. This distribution depends strongly on the
frequency as well as on the resonator construction (material
properties, thickness of the layers) and on the properties of the
suspension. To determine the optimum driving frequency for
a given layered resonator, the acoustic performance number
TJac is defined here as:

=

A

J

\E(x))dx,

{T(X) S*(x) - ~~ D*(x) } . (55)

If there is no electric field in the passive (non-piezoelectric)
layers, as in the structure considered here, equations (50) and
(53) to (~5) can be simplified (for the passive layers), since
cp = 0, D = O. Equation (53) then represents pure mechanical energy flow density. The remaining terms of equation
(54) represent mean kinetic and potential energy density, respectively:

TJac

=

(57)

(59)

where X2, X3 define the boundaries of the liquid layer as
shown in Figure 2 and A is the active cross-sectional area
of the resonator (electrode area of the piezoceramic). For
computation purposes the integration is approximated by a
summation. p:rue and Pe~PP are given by
ptrue
el

\ Ekin(X))

acta acustica

=

~(;2~
2

{y}

(60)

and

papp
el

=

~(;2IYI
2

(61)

'

respe3tively, where U is the amplitude of the driving voltage
and Y is the admittance of the resonator. It should be noted
that the resonator performance numbers according to equations (57) and (58) are dimensionless quantities, but are not
normalized to 1, in contrast to common efficiency definitions.
They are functions of the ratio of the averaged stored energy
in the liquid layer and the electrical energy supplied per oscillation period. Since both the numerator and denominator
in (57) and (58) are proportional to the square of the voltage
amplitude, the performance numbers are independent of the
driving voltage. The electrical input power must be equal
to the total power flow through the resonator boundary surface at x = Xo (outer surface of the piezocerarnic) and can
therefore also be obtained from the Poynting vector:
ptrue
el

A . ~ { ft(xo)

},

Alft(xo)l·

(62)
(63)

This follows from the fact that there is no mechanical power
supplied by any sources and from the chosen potentials
~{cpl} = (;, cp2 = O. An additional quantity of practical interest is the total power loss in each layer that can be
calculated from the power loss density given by equation (55)
as:

J

X=Xn

where (EL) is the stored energy in the liquid layer and
(E~~fS) is the total energy loss in the resonator averaged

\P~oss) =A

\plOSS(x))dx,

(64)
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where the subscript n denotes the considered layer. The total
power loss within a certain layer must be equal to the difference of true energy flow at the boundary surfaces of that
layer. Hence, the total power loss within a layer can also be
calculated directly from the values of the Poynting vector at
the layer boundaries:

a

~
=
~
=
~
-;
>

This approach requires much less computational effort than
equation (64), since evaluation has to be carried out only for
two x-values. In case of low losses (Qn » 1), the quality
factor Qn of layer n establishes the relationship between
stored energy and power loss within that layer:

0.01

.Q

<
0.00]

1
1.8

2.2

2.4

2.6

2.8

Frequency [MHz]

b

(66)

~
"=

~

0.1

'5
By combining equations (65) and (66), an expression for the
total stored energy in the liquid layer is obtained directly:

'".•
'-o

~
=

-;

o.{)]

>

~
:;
~
.Q

<

It was shown by Burger [44] that the acoustic performance
number T/ac of a typical resonator for ultrasonic particle separation has essentially the same frequency-dependence as the
resonance sharpness (resonance quality factor) of the series
resonance frequencies. The acoustic performance number is
a measure of the relationship between energy density in the
liquid (which is pertinent to particle separation) and the total
electric input power consumption of the resonator. In general, however, the resonator does not represent a pure ohmic
load (even when driven at one of its resonance frequencies).
Thus, reactive power has to be provided by the source. In
order to minimize the reactive power requirement, one has
to choose the driving frequency with respect to maximum
effective resonator performance number T/eff. The latter condition restricts the practical operating frequency range to a
relatively narrow band, as will be shown in the next section.

4. Results and discussion
The method outlined in the previous section was applied to
the analysis of a resonator chamber developed for separation of biological cells from the nutrient fluid (which has
acoustic properties similar to water). Operation and performance of this device, which acts as an acoustic filter, will
be described in detail in part III of this work. Herein, the
discussion is focused on the electric and acoustic properties
of a piezoelectric resonator with four layers, shown schematically in Figure 2. The dimensions, material constants, and
parameters needed for calculation are listed in Table I in the
appendix. Figure 4 shows the measured (a) and calculated
(b) spectra of electrical admittance in the range from 1.8 to
2.8 MHz. For measurement, the resonator chamber was filled
with degassed water. The measurement set-up is described in

O.(Xll
1.8

2.2

2.4

2.6

2.8

Frequency [MHz]

Figure4. Spectrumof electricaladmittanceofthe 4-layerpiezoelectric resonatoraccordingto Figure 2. (a) measured,(b) calculated.

[45]. The large number of overtone resonances arises from
the fact that the sound wavelength in the liquid layer is much
smaller than the layer thickness. The envelope curve shows
two maxima at frequencies of about 2 MHz and 2.6 MHz,
respectively. These frequencies are the eigenfrequencies (series resonances) of the piezoceramic/glass composite. The
lower eigenfrequency of the composite coincides with the
fundamental series resonance frequency of the piezoceramic
alone. This follows from the chosen layer dimensions but is
not a prerequisite for efficient resonator design, as will be
discussed in part II of this work. The comparison of measured and calculated admittance data shows excellent agreement. The discrepancy between the measured and calculated
curves in the lower parts of Figures 4a and 4b, respectively,
is due to a reduced accuracy of the measurement system in
the low admittance (high impedance) range. This is caused
by two facts: (1) The test object (resonator) is inserted into
a low-ohmic resistance bridge, which provides best accuracy in the vicinity of the series resonance frequencies (high
admittance), but less accuracy in the range of the parallel
resonances (low admittance). (2) To reduce measurement
time, the frequency sweep procedure is also optimized for
best resolution at the series resonances, whereas the parallel
resonances are skipped.
The calculated acoustic and effective resonator performance numbers are plotted as functions of frequency in
Figures 5 and 6. Apart from the strong, more or less pe-

ACUSTlCA·

442

Groschl: Ultrasonic Separation - Part I

acta acustica
Vol. 84 (1998)

200
1000 ~

-----

1Jac

800

'...".

----- 'lac
-I)'if

a

-I)'if

o

1Jac

•

1),[[ R,r.

o

Ref. 46

461

•

..•.

'"

.0

§

..

e~
=t:

600

=
"e

400

~..
=-

a
Rd. 46
Ref. 46

150

.0

=

"=e

T1ac
T1eff

~
~

100

50

200

2.05

1.95

1.95

2.1

-----

b

e

=..
...
=
"e..

•

800

....

'"

TJeff

b
Ref. 46
Ref. 46

150

o'

n
!~

.0

e~

600

=t:
=

•

100

~
~

'"
0,

.

;'i

, ,
,

0

0

!\
... .

"e

400

i..
=-

17ac

-I)'if
o 17ac

.0

:I

2.1

2.05

200

!(XX)

'...".

2

Frequency [MHz]

Frequency [MHz]

50

200

o
2.1

2.15

2.2

2.25

2.3

Frequency [MHz]

Figure 5. Calculated spectra of acoustic and effective performance
numbers of the resonator according to Figure 2. For comparison,
values obtained from perturbation theory [46] are also shown. (a) in
the frequency range 1.9 to 2.1 MHz containing the third harmonic
of the ceramic/glass-composite (approx. 2 MHz), (b) in the range
between transducer-eigenfrequencies. The effective quality factor of
the liquid layer was set to 6000.

riodic, variation due to the large number of overtone resonances, it is remarkable that the performance number reaches
a maximum in the range between the eigenfrequencies
of the
transducer, while it drops down in the range close to the
eigenfrequencies.
The full and dashed lines show the results
obtained from calculations using equations (57) and (58),
respectively. For comparison, values obtained by a different
treatment based on perturbation theory [46] are also plotted.
Within that model the performance numbers can be calculated only at the series resonances. Hence, the black and
white dots in Figures 5 and 6 also mark the series resonance
frequencies. In Figure 5 the acoustic material quality factor
of the liquid Q L was set to 6000, corresponding to the measured effective quality factor of degassed water. In this case,
the high-performance
range is rather broad and covers a number of resonances. During practical operation of the cell filter,
a decrease of the quality factor with increasing cell concentration in the suspension is experienced. Figure 6 shows the
corresponding results for Q L = 1000, which corresponds to
a typical effective acoustic quality factor of a high-density
cell suspension. Besides the performance number decrease
due to the higher losses in the liquid, a significant narrowing
of the optimal frequency range is seen (compare Figures 5b

2.1

2.15

2.2

2.25

2.3

Frequency [MHz]

Figure 6. As Figure 5, with an effective quality factor of the liquid
layer of 1000.

and 6b). This effect has been observed in separation processes
of high-density cell cultures [47]. The reduction of the effective performance number is mainly caused by a decrease of
the electric power factor (i.e. an increase of the phase shift
between voltage and current). Another interesting fact is that
the frequencies of relative performance number maxima coincide well with the series resonance frequencies in the range
between the eigenfrequencies
of the transducer, while this is
not the case in the region close to the eigenfrequencies.
In
case of varying properties of the suspension during the separation process (increasing particle concentration, decreasing
quality factor Qd, one has to choose the driving frequency
according to a compromise between optimum performance
at high- and low-Q conditions. Based on this consideration,
the resonance frequency of 2.16 MHz can be regarded as
an optimal operating frequency for the resonator discussed
here. It should be noted that for a homogeneous resonator
the acoustic performance number 1]ac is independent of frequency. The strong variation with frequency, as shown here,
is a consequence of the frequency-dependent
energy distribution among the layers of the multilayered
structure. In
contrast, 1]eff depends on frequency even for a single-layer
resonator, since it is influenced by the electric phase angle
(power factor).
In Figure 7 the spatial distribution of displacement velocity, energy flow, energy density and power loss density in the
resonator, calculated for the optimal frequency of 2.16 MHz,
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Figure 7. Spatial distribution of displacement velocity amplitude,
true energy flow, energy density and power loss density within the
layers of the resonator according to Figure 2; calculated for the series
resonance frequency of 2.16 MHz. The apparent electric input power
was supposed to be 60 VA, the effective quality factor of the liquid
was set to 1000.

is plotted. The displacement velocity amplitude obtained by
taking the absolute value of the velocity according to equation (52) shows the characteristics of a quasi-standing wave
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25
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Figure 8. As Figure 7, calculation was carried out for the resonance
frequency of 1.99 MHz.

(compare to Figure 1). The total true energy flow is calculated
from the real part of equation (53), multiplied by the crosssectional area A of the resonator. The (one-dimensional)
density of stored energy is given by equation (54) after multiplication with the area A. The (one-dimensional) power loss
density is obtained from equation (55) by multiplication with
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A. An electric input power of 60 VA (apparent power), which
is a typical value for the considered resonator, was assumed
for these calculations. The quality factor of the liquid was set
to Q L = 1000. A significant rise of velocity amplitude, as
well as of energy density, in the liquid layer, compared to the
transducer, is found. This corresponds to the maximum performance number (maximum resonator efficiency) occurring
at the frequency considered. In contrast, Figure 8 shows the
situation at a series resonance frequency of 1.99 MHz, which
is close to the eigenfrequency of the transducer. In this case,
the velocity amplitudes are nearly equal in all layers. The
energy density is lowest in the liquid and the power loss densities are extremely high in the piezoceramic and the carrier.
With equal electric power supplied, the energy density in
the liquid is about twice as high in the first case (Figure 7),
although the utilized true power is about 8% less due to a
higher reactive power component.
The increased displacement velocity amplitude in the liquid compared to the transducer, when the resonator is operated between the eigenfrequencies of the transducer, can be
explained as follows: The displacement (or velocity) amplitude in the liquid layer depends not only on the displacement
at the boundary surface between transducer and liquid, but
also on the stress amplitude at this surface, as is evident
from equation (33). At the eigenfrequencies of the transducer, the stress amplitude at that boundary surface vanishes
(i.e. the boundary condition T = 0, which generally applies
to the free surfaces of the layered resonator, is transferred to
the inner boundary surface). At other frequencies, both displacement and stress at the inner boundary layer can reach
significant values. Provided the resonance sharpness of the
eigenfrequencies of the transducer is low (which is generally
the case for the considered transducers), overtone resonances
of the layered structure are excitable between these eigenfrequencies and the displacement velocity as well as the energy
density in the liquid are higher at those resonances. The
absolute values of resonance frequencies with high or low
efficiency (performance numbers) are of course dependent
on the resonator structure. In particular, different thicknesses
of the glass carrier lead to different eigenfrequencies. However, the qualitative behaviour of the resonator remains unchanged, i.e. resonances with highest efficiency again occur
in the range between the eigenfrequencies.
To estimate the allowable input power, knowledge of the
power loss distribution in the resonator is essential. The calculated loss distribution among the four layers is shown in
Figures 9a and 9b. In the frequency range between the eigenfrequencies of the transducer (Figure 9b), the series resonance frequencies coincide with maximum power loss (due
to maximum velocity amplitude) in the liquid and minimum
power loss in the piezoceramic and the carrier. Close to the
eigenfrequencies of the transducer, in general, the series resonances do not correspond to minima or maxima of power
loss and stored energy in any layer (Figure 9a). The high
losses in the glass reflector around 2 MHz are due to an
eigenresonance of the reflector plate in that frequency range.
Finally, to verify the validity of the applied model, the following experiment was carried out: The resonator was filled
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Figure 9. Calculated power loss distribution among the layers of the
resonator according to Figure 2. (a) within the range of an eigenfrequency of the transducer, (b) in the range between transducereigenfrequencies. The series resonance frequencies of 1.99 MHz and
2.16 MHz, respectively, are marked on the frequency-axis. The effective quality factor of the liquid was set to 1000.

with a low-concentrated suspension of corundum powder
in water (a = 2.5 jLm, A = 3.7, a = 2.45) and driven
at a resonance frequency of 2.205 MHz. The set-up was
arranged with the direction of sound propagation oriented
vertically. Due to the acoustic radiation force, the particles
formed planes perpendicular to the sound propagation direction. After steady-state conditions were established, the
driving voltage of the transducer was slowly reduced until
particle sedimentation due to gravity was observed. The onset of this effect was found at a voltage amplitude of 18 V.
The gravitational force minus the buoyancy force acting on
the particles is F = g(po - p)V = 1.7· 10-12 N. For
a driving voltage amplitude of 1V and a measured effective quality factor of the suspension of 2500, one obtains
from equation (56) an energy density in the liquid layer of
(it) = 8 . 10-3 J/m3. With this value and the acoustic contrast factor of K = 0.64, the amplitude ofthe radiation force
calculated from equation (2) is (Fs) = 9 . 10-15 N. This
yields a minimum voltage amplitude for retaining the particles against gravity of approximately 14 V. This calculated
result is in good agreement with the experimental threshold
value of 18 V, since settling of the particles begins rather
smoothly than at a well-defined voltage level. Nevertheless,
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the discrepancy can be attributed to an over-estimation of the
energy density in the liquid. This is mainly due to the nonideal behaviour of the resonator (striated columns of particles
were observed rather than uniform planes) and because the
electronic frequency control may not have maintained the
resonance condition precisely at such low power levels.
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normally less than 2 kHz, shows clearly the necessity of an
automatic resonance control. Means of frequency control as
well as other aspects related to the design and practical operation of separation devices, such as resonator geometry and
material selection, the principle of a high-efficiency driving
source and limitations to power input, will be discussed in
part II of this work.

5. Conclusion
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A mathematical description of layered piezoelectric resonators has been presented, with special emphasis on resonators for ultrasonic separation of suspensions or emulsions. The model is a powerful tool for the proper design of
separation chambers, the determination of optimum operating frequency ranges, and the calculation of energy input to
the suspension. With knowledge of the energy density, the
acoustic radiation force acting on suspended particles could
be calculated. Given a suspension with known properties, the
total power input to the resonator required for a certain mean
energy density in the suspension can be estimated.
The one-dimensional model allows relatively simple computations and shows very good agreement with experiments.
The reason for the validity of the one-dimensional treatment
in describing the non-ideal layered resonator is, that all effects not contributing to the generation of one-dimensional
standing waves can be considered as losses and described in
a global way by effective acoustic quality factors Q elf for
each layer. These factors can be determined by fitting calculated to measured spectra of electrical admittance. Q elf
of the piezoceramic is obtained from the measured resonance quality factor (resonance sharpness) of the eigenmode
considered. The quality factors of the carrier and reflector
materials can be taken from literature, whereby the damping
effect of the glueing layer between piezoceramic and carrier
can be accounted for by a reduced Q elf of the carrier. This
can be proven experimentally by measuring the resonance
sharpness of the composite transducer. Finally, the effective
quality factor of the liquid has to be determined from the
admittance spectrum of the whole resonator. Thereby, the
sharpness of resonances in the range between the eigenfrequencies of the transducer gives a good measure for Q elf of
the liquid. This is a consequence of the fact, that the electrical
properties ofthe layered resonator are strongly influenced by
the properties of the liquid in this frequency range, whereas
close to the eigenfrequencies of the transducer, the influence
of the piezoceramic layer and the carrier layer is dominating.
This behaviour is typical for layered resonators with a liquid
layer much thicker than the other layers. All other parameters
needed for calculations by means of the discussed model are
usually specified by the manufacturer of the piezoceramic or
well known from literature.
When driving a resonator for particle separation, a significant temperature dependence of the resonance frequencies is
observed. This is mainly due to the temperature dependence
of the sound speed in the liquid, which causes a typical resonance frequency shift in the range of 2 to 3 kHzrc. Comparison of this value with the resonance bandwidth, which is
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Appendix
Parameters for calculation
The results presented in section 4 were obtained with the
data set given in Table I. The material parameters p, v, "",
c, and tan 1'), of the piezoceramic and glass, respectively,
are specified by the manufacturer. The effective acoustic
quality factors Q elf were determined from measured admittance spectra. For completeness, the fundamental constants
c = pv2(1 - ,.,,2), and e = ,."vyIPS, are also listed. According to the one-dimensional model used, all quantities
are reduced to scalars and apply in the direction of sound
propagation (thickness direction of piezoceramic and glass
plates, respectively).
The transducer of the considered resonator consists of two
piezoceramic square (25 x 25 mm) discs, glued on the glass
carrier and electrically connected in series. The total crosssectional area A of the sonicated volume is 1.25 . 10-3 m2.

List of symbols
a

radius of suspended spherical particle [m]
cross-sectional area of layered resonator [m2]
c
elastic stiffness constant [Pa = Nm-2]
c piezoelectrically stiffened elastic constant [Pal
d
center-to-center distance between two suspended
particles [m]
D dielectric displacement [Cm-2=Asm-2=NV-Im-l]
e
piezoelectric constant [Cm-2]
E energy [J = Nm]
E energy density [Jm-3]
F force [N]
g
acceleration due to gravity [ms-2]
j = A imaginary unit [-]
k = w/v
wave number [m-I]
ko = w / Vo wave number of the longitudinal acoustic wave

A
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Table I. Parameters and material constants of the 4-layer piezoelectric resonator.

Material
(Manufacturer)
Thickness £ [mm]
Density p [kg/m3]
Sound speed v [m/s]
Electromech. coupling factor K
Dielectric constant E [AsNm]
Tangent of loss angle tan {}
Effective acoustic quality factor Q eff
Elastic stiffness constant c [GPa]
Piezoelectric constant e [NNm]

Piezoelectric
Layer

Carrier
Layer

Liquid
Layer

Reflector
Layer

Sonox P4
(Hoechst, Germany)

Tempax glass
(Schott, Germany)

Degassed water

Tempax glass
(Schott, Germany)

2.71
2200
5430

32
998
1485

2.71
2200
5430

-

-

-

-

-

-

-

-

-

180
64.9

6000/1000
2.2

400
64.9

-

-

-

l.01
7800
4460
0.5
6.02.10-9
0.007
400
116
15.3

in the particle material [m-1]
K acoustic contrast factor [-]
P.
layer thickness in direction of sound propagation [m]
p
acoustic pressure [Pal
P power [W]
P power density [Wm-3]
Pe~PP electric apparent power [W]
ue
electric true power [W]
Q acoustic material quality factor [-]
R reflection coefficient [-]
S
strain [mlm = I]
t
time [s]
T stress [Pa]
u
displacement of the sound wave [m]
U resonator driving voltage [V]
v = au/at displacement velocity of the sound wave
[ms-1]
V volume of suspended particle [m3]
x
space coordinate in direction of sound propagation [m]
Y electrical admittance [0-1]
a linear (amplitude) absorption coefficient [m-1]
(3 compressibility [Pa-1 = m2N-1]
J penetration depth of viscous wave [m]
c
dielectric constant [Fm-1 = Asy-1m-1]
¢ radiation force potential [Nm]
I
electric conductivity [0-lm-1]
1]
resonator performance number [-]
rJ dielectric loss angle [rad]
cp electric potential [V]
<I>
velocity potential of the sound wave [m2 s -1 ]
K
electromechanical coupling factor [-]
.\. ratio of mass densities (see below) [-]
JL
shear viscosity [kgm-1 S-l]
JL' bulk viscosity [kgm-1s-1]
v = w / k speed of sound [ms-1]
Vo = w / ko sound speed of the longitudinal acoustic wave
in the particle material [ms-1]
II Poynting vector (energy flow density) [Wm-2]
angle between centerline of two particles and
direction of sound propagation [rad]

p:r

e

mass density [kgm-3]
mass density of suspended particle [kgm-3]
sound speed ratio (see below) [-]
angular frequency [S-l]

P
Po
(J

w

Subscripts and superscripts

o

suspended particle
acoustic performance number
effective quality factor, absorption coefficient or
performance number, respectively
kin kinetic energy density
n
number of resonator layer
p
progressIve wave
pot potential energy density
qs quasi-standing wave
s
standing wave
vzs viscous case
(7 carrier layer
E
electrode
L liquid layer
p piezoelectric layer
R reflector
ac
eff

Time-averaged quantities are denoted by angle brackets: ( ).
Complex quantities are marked by the tilde-sign:~ The symbol denotes amplitudes (which are real, positive constants)
of quantities with harmonic time- and space-dependence.
The following ratios are defined for abbreviation: .\. = Po / P,
(J
= Vo / v = k / ko, whereby Po, vo, ko, refer to the suspended particle and p, v, k, refer to the host fluid.
A
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