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Laser-induced fluorescence measurements of buoyancy driven
mixing in tilted tubes
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The front of a light fluid rising into a miscible heavier fluid inside a long tilted tube has been
analyzed by laser-induced fluorescence. Both the local concentration field and the front velocity Vf

have been studied in the inertial flow regime as a function of the tilt angle � for a constant density
contrast �At=4�10−3�. We demonstrate experimentally that the velocity Vf is directly related to the
local density contrast Cf by the relation Vf � �Cf�0.5. This relation reflects a local instantaneous
equilibrium between inertia and buoyancy; it is valid in the transient relaxation phase as well as in
the quasistationary regime reached thereafter. © 2006 American Institute of Physics.
�DOI: 10.1063/1.2189286�
The present Letter analyzes the motion of a light fluid
rising inside a heavier, miscible one inside a long tilted tube
as frequently occurs in chemical and petroleum engineering;
closely related problems include gravity currents and lock
exchange processes.1–3 More specifically, it will be shown by
means of direct concentration measurements that the velocity
Vf of the front of each fluid penetrating into the other is
directly related to the local density contrast between fluids on
both sides of the front.

For immiscible fluids, many papers4–6 studied the related
problem of large gas bubbles rising in long tubes. For large
tube diameters d and long bubbles, their velocity Vb follows
the scaling law Vb� �gd�0.5 both for vertical and tilted tubes.
This reflects a balance between inertial and buoyancy terms
respectively proportional to �Vf

2 and �gd leading to a char-
acteristic velocity,

Vt = �Atgd . �1�

The Atwood number At is the ratio of the difference �� of
the densities of the two fluids by their sum with At�1 for a
gas bubble �in gravity current studies, g�=2gAt is used in-
stead of At�.

For miscible fluids, the penetration front dynamics will
be influenced by mixing between the two fluids both at the
front and behind it: most of this mixing will result from the
Kelvin-Helmholtz instabilities induced by the relative shear
motion of the two fluids. Their appearance depends also on
the segregation induced by the transverse gravity component
in tilted tubes7,8 and, therefore, on the tilt angle � from
vertical.
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In a previous work,9 the variation with � of the station-
ary front velocity Vf� at long times was observed to display
three different regimes. Close to vertical, Vf� increases with
the tilt angle �: in this regime 1, strong transverse mixing
takes place due to Kelvin-Helmoltz instabilities. As � in-
creases, segregation effects become stronger and mixing is
less efficient: Vf� reaches a plateau value equal to 0.7�Vt

�regime 2�. Finally, as � increases further towards the hori-
zontal �regime 3�, there is a parallel, Poiseuille-like, counter-
flow of the two fluids with no mixing and Vf decreases: the
buoyancy potential energy is then dissipated by viscosity. In
regime 2, the proportionality of the front velocity Vf� to Vt

suggests, on the contrary, that Vf� is determined, as for a gas
bubble, by a balance between buoyancy and inertia. It also
suggests that the local density contrast �� at the front is
equal to the density difference �� between the fluids. In
regime 1, the lower value of Vf� indicates that, due to mix-
ing, the local density contrast �� at the front is smaller than
��. This is confirmed by the increase of Vf� with � in re-
gime 1 at constant values of At and �: mixing becomes less
efficient and �� becomes closer to ��.

The objective of this Letter is to check quantitatively
these assumptions. The variation of the local relative fraction
at the front is directly measured by laser-induced fluores-
cence �LIF�: this allows us to estimate the corresponding
local density contrast �� and to compare its variations with �
to those of the front velocity Vf �the study is performed in
regimes 1 and 2 where the front dynamics is controlled by
inertia�. Another important feature is the transient phase of
the front motion before it reaches a stationary velocity.

The study is performed in a 4-m-long transparent tube
with an internal diameter d=20 mm that can be tilted to all

angles between vertical and horizontal. Initially, the heavier
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and lighter fluids are, respectively, located in the upper and
lower halves of the tube and separated by a gate valve �Fig.
1�. The tube is illuminated sideways by a 1-mm-thick verti-
cal green laser sheet �	=532 nm� that contains the tube axis.
After opening the gate valve, pictures are taken at regular
intervals �0.5 or 0.75 s� using a digital camera with a high
stability and dynamic range10,11 facing the tube and the light
plane. The lighter fluid is water dyed with 50 mg/ l of fluo-
rescein while the heavier one is a CaCl2-water solution: only
regions of the laser sheet containing some dyed fluid appear
as illuminated in the pictures. Light absorption measure-
ments used previously10,12 gave an average value of the con-
centration along the path of the light through the tube; in
contrast, the present measurements provide a local concen-
tration map in the diametral plane of the tube illuminated by
the laser. The field of view is 600 mm long and its lower
boundary is located at 200 mm above the gate valve �this
region of interest is initially saturated only with the heavy
transparent solution�. In order to reduce the cylindrical lens
effect due to the tube geometry, the part corresponding to the
field of view is enclosed inside a larger tube with a square
cross section: the space between both tubes is filled with
water and two of the sides of the square tube are parallel to
the light plane. The relative reflective index contrast between
the salt solutions and the water outside the tube is of the
order of 1.5�10−3 and can be neglected.13 The optical index
difference ��n=0.14� between the liquids and the tube wall
induces a small increase of the apparent radius of the tube
�by typ. 1 mm� but does not influence the local concentration
measurements in the region of interest. All fluids are de-
gassed and filtered to eliminate bubbles and solid particles in
order to eliminate unwanted light diffusion.

In order to obtain quantitative values of the local relative
fraction of the fluids, images provided by the digital camera
are normalized between reference images obtained for the
experimental tube filled, respectively, with the heavy �trans-
parent� and light �fluorescent� fluids. The linear dependence
of the intensity in the normalized images on the concentra-
tion of fluorescein is checked through calibrations with solu-
tions of different concentrations realized in situ directly on
the experimental setup �the variation is linear with a slope
constant to within 2%�. In the following, one therefore as-

FIG. 1. Schematic view of experimental setup.
sumes that these normalized images provide directly the lo-
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cal relative fraction C�x , t� of light fluid in the beam plane
�the components of x are the coordinates of a point in the
beam plane�. This amounts to neglecting the molecular dif-
fusion of salt and dye between the two solutions. The fluo-
rescein concentration is chosen both to be high enough to
have a detectable fluorescence and low enough to avoid light
absorption. Assuming that the local density of the mixture
varies linearly with C�x , t�, the variations of C can be trans-
lated into density variations: in particular, the value Cf of the
relative fraction C�x , t� at the front is equal to the ratio
�� /�� of the local density contrast and the density differ-
ence between both fluids.

Figure 2 displays images of the normalized fraction of
light fluid in the experimental zone at different tilt angles
for the same density contrast At=4�10−3 and a viscosity
�=10−3 Pa.s equal for all fluids: with the color code used,
the heavier transparent fluid appears in red and the lighter
fluorescent one in dark blue. Mixtures of the two fluids ap-
pear in intermediate colors. Note that the observation zone is
above the gate valve; symmetrical observations might be per-
formed below on the penetration front of the heavier fluid.

Figure 2 demonstrates the segregation induced by tilting
the tube. For large � values ��=85° in Fig. 2�, the transverse
gravity component is large enough to prevent the develop-
ment of Kelvin-Helmholtz instabilities and keep the light and
heavy fluids separated. For �=75°, an instability takes place
and a mixing zone develops downstream of the front. There
is, however, on the upper side of the tube, a channel inflow
of pure light fluid allowing it to maintain its relative fraction
at the front equal to 1. As � decreases below 60°, mixing
becomes more efficient and the relative light fluid concentra-
tion at the front becomes less than 1. For lower tilt angles,
such as �=20°, there remains, however, a transverse concen-
tration gradient across the tube section: the higher concentra-
tion of light fluid on the upper side of the tube results in a
local upwards flow of this fluid. This maintains a relatively
high density contrast at the front.

In order to analyze quantitatively these results, the typi-
cal relative fraction at the front Cf�t� inside the lighter fluid
has been determined by averaging six profiles of the concen-
tration along the tube located in the region of highest con-

FIG. 2. �Color� Images of the normalized relative fraction of light fluid
obtained at different tilt angles �=0, 20° , 40° , 60° , 75°, and 85° �field of
view=20�300 mm�. The color code for the normalized fraction is shown at
the top right of the figure. The magnification of the images of the tube is
higher perpendicular compared to parallel to the tube axis.
centration of the tube section �these profiles cover about one
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tenth of the diameter�: the maximum of this concentration
profile located closest to the front will be considered as rep-
resenting the concentration Cf�t� at the front. Beyond the
front, in the heavy fluid, the images of Fig. 2 indicate that
there is no mixing with the lighter fluid: the concentration of
the lighter fluid is then assumed to be zero and the relative
density contrast between the two sides of the front is taken
equal to Cf. Also, the front is assumed to be located at the
point of the averaged profiles where the concentration be-
comes zero. This procedure has been applied to successive
images in order to determine the time variations of both the
instantaneous relative fraction Cf at the front and its instan-
taneous velocity Vf �deduced from the displacement between
two images�.

Figure 3�a� displays the variation of Cf�t� with time for
different angles � ranging from 20° to 60° �note that the
range of the plot corresponds to times during which the front
is located inside the field of view of the camera�. One ob-
serves that, after an initial decrease, Cf�t� reaches a roughly
constant value Cf�. One reaches therefore a flow regime

FIG. 3. �a� Time variations of the characteristic relative fraction Cf�t� at the
front for four different tilt angles �=20° ���, 30° ���, 50° ���, and 60°
���. Dashed lines: exponential relaxations of time constant 
=25 s �see
inset� towards asymptotic values 0.18, 0.27, and 0.48 �straight horizontal
segments�. �b� Compared time variations of the relative fraction Cf�t� ���
and of the square of the normalized instantaneous front velocity
�Vf�t� /Vplateau�2 ��� for �=50°.
which appears as stationary over the time scale of the experi-
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ment: this is made possible by the inflow of light fluid near
the upper side of the tube.

As can be seen by extrapolating the variations of Cf with
time for �=30° and 50° in Fig. 3�a�, Cf�t� starts to decrease
below 1 only after a finite time increasing with �. Then, Cf�t�
relaxes towards the limiting value Cf�: the linear variation of
ln�Cf�t�−Cf�� in the inset of Fig. 3�a� suggests an exponen-
tial relaxation with a characteristic time 
=25±5 s indepen-
dent of � within experimental error. Note that 
 is much
longer than, for instance, the typical duration �d / �Atg��0.5

�0.7 s of convective motions. A closer study of the charac-
teristic times of energy dissipation and mixing processes in
these flows is therefore needed.

The limiting value Cf� increases with �, reflecting the
decreasing efficiency of mixing at the front. This variation
allows one to check quantitatively that the front velocity Vf

is determined as expected by the corresponding local density
contrast ��. One should indeed have ��=Cf ��� so that,
from Eq. �1�, the relation Vf �Vt would become in the sta-
tionary regime,

Vf� � �AtCf�gd . �2�

Since the plateau velocity Vplateau must correspond to Cf�

=1 ���=���, one has �assuming that the proportionality con-
stant is independent of � in Eq. �2��,

Vf�

Vplateau
= �Cf�. �3�

Figure 4 tests the validity of this relation by displaying the
variations of �Cf� with � measured in the present work to-
gether with the variation with � of the ratio Vf� /Vplateau re-
ported in Ref. 9 �these values are more precise than those
determined in the present work due to their determination
over a larger path length�. There is indeed a close agreement
between the variations of �Cf� with the tilt angle � and those
of Vf� /Vplateau; furthermore, in the plateau region, Cf� is very
close to 1. This confirms our assumptions on the variation of

FIG. 4. Compared variations with the tilt angle � of the experimental nor-
malized stationary front velocity Vf� /Vplateau ��� and of �Cf� ��� com-
puted from concentrations measured experimentally �the values of � and At
are the same as in Figs. 2 and 3�.
the stationary front velocity with the local density contrast.
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A similar comparison can be made for the instantaneous
values of the density contrast and the front velocity during
the transient phase. The variations of the normalized velocity
squared �Vf�t� /Vplateau�2 with time for �=50° are plotted in
Fig. 3�b� together with those of the concentration Cf�t�. The
global variation of both variables is the same. The deviations
from this common decreasing trend are larger for the veloc-
ity than for the concentration: they are due to bursts of
lighter fluid arriving at the front �similar front velocity varia-
tions have been observed in experiments on lock-exchange
flows in a sloping channel14�. Equation �3� is therefore also
valid for the instantaneous values of the front velocity and of
the density contrast: this indicates that an equilibrium be-
tween buoyancy and inertia forces resulting in a quasistation-
ary front motion is obtained after a time much shorter than
that �
=25 s� needed to reach the limiting asymptotic front
velocity �Figs. 3�a� and 3�b��.

To conclude, direct local concentration measurements
have been achieved with the LIF technique on a front of light
fluid rising into a heavier miscible one in long tilted tubes:
these experiments have allowed us to characterize quantita-
tively the close relationship between the degree of mixing
close to the front and the front velocity in flow regimes for
which inertia is predominant. These measurements have
demonstrated that, after a transient phase during which both
front velocity Vf and the local concentration Cf of invading
fluid decrease with time, a quasistationary regime in which
both Vf and Cf are constant is reached �note that Cf starts to
decrease from 1 only after a delay�. A key result from these
experiments is the proportionality of the front velocity Vf to
the square root of the concentration Cf for given At and �
values both in the stationary and in the transient regimes.

These results raise important questions regarding the
scaling laws relating the concentration at the front, the tilt
angle, and other parameters such as the density contrast be-
tween the fluids and their viscosity. It will be important to
characterize with a high resolution spatial and temporal
variations of mixing in these flows, using, for example, tools
already applied to the early stages of Rayleigh-Taylor
flows.15 Understanding the instabilities generating this mix-
ing is also needed; in particular, through an analysis of the
flow velocity field similar to that presented here for the con-
Downloaded 12 Apr 2006 to 193.55.10.104. Redistribution subject to 
centration. Another important issue is the dynamics of the
front at long times. The fact that Vf �and therefore Cf� are
constant with time after an initial transient phase implies that
the global amount of transverse mixing remains the same
although the length of the mixing zone increases. The effi-
ciency of transverse mixing per unit length must therefore
decrease: this should be checked at longer times �and there-
fore for longer tubes� over which the front velocity may no
longer be constant. Finally, the characteristic duration of the
transient phase has been found to be �25 s, independent of
the tilt angle: experiments with different tube radii and fluid
viscosities will be necessary to understand the meaning of
this value.

We thank G. Chauvin and R. Pidoux for designing and
realizing the experimental setup.
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